Quantum Theory of Near-field Optical Imaging with Rare-earth Atomic
  Clusters by Majorel, Clément et al.
Research Article 1
Quantum Theory of Near-field Optical Imaging with
Rare-earth Atomic Clusters
CLÉMENT MAJOREL1, CHRISTIAN GIRARD1,*, AURÉLIEN CUCHE1, ARNAUD ARBOUET1, AND PETER R.
WIECHA1,2,*
1CEMES-CNRS, Université de Toulouse, CNRS, Toulouse, France
2Physics and Astronomy, Faculty of Engineering and Physical Sciences, University of Southampton, Southampton, UK
*girard@cemes.fr
*p.wiecha@soton.ac.uk
Compiled December 13, 2019
Scanning near-field optical imaging (SNOM) using local active probes provides in general images of the electric
part of the photonic local density of states. However, certain atomic clusters can supply more information by
simultaneously revealing both the magnetic (m-LDOS) and the electric (e-LDOS) local density of states in the op-
tical range. For example, nanoparticles doped with rare-earth elements like europium or terbium provide both
electric dipolar (ED) and magnetic dipolar (MD) transitions. In this theoretical article, we develop a quantum
description of active systems (rare earth ions) coupled to a photonic nanostructure, by solving the optical Bloch
equations together with Maxwell’s equations. This allows us to access the population of the emitting energy levels
for all atoms excited by the incident light, degenerated at the extremity of the tip of a near-field optical micro-
scope. We show that it is possible to describe the collected light intensity due to ED and MD transitions in a
scanning configuration. By carrying out simulations on different experimentally interesting systems, we demon-
strate that our formalism can be of great value for the interpretation of experimental configurations including
various external parameters (laser intensity, polarization and wavelength, the SNOM probe size, the nature of
the sample ...). © 2019 Optical Society of America
http://dx.doi.org/XX.XXXX/XX.XX.XXXXXX
1. INTRODUCTION
Several experimental methods are able to access the optical Local Den-
sity of States (LDOS), shaped by nanostructures integrated in coplanar
environments [1]. From a historical point of view, it was the local
probe method which provided the first images of both electronic [2, 3]
and photonic LDOS [4–8]. In the case of optical experiments, an ex-
tremely sharp tip that behaves like a dipolar source of light was brought
close to the surface of the sample. When equipped with a parabolic
mirror of large collection angle, such local probes have been used to
measure the photonic eigenmodes tailored by the nanostructures on
the surface. Under these specific detection conditions, it was theoreti-
cally demonstrated that the signals delivered in this configuration of
scanning near field optical microscope (SNOM) are proportional to
the electric part of the photonic LDOS at the scanned positions of the
point-like light source [9]. Note that we are leaving aside here electron
microscopy tools like electron energy loss spectroscopy (EELS) which
are also capable to access the photonic LDOS on a subwavelength
spatial resolution [10–12].
In a second step, this technique has been considerably improved
by using fluorescing molecules, rare earth atoms, or nitrogen-vacancy
(NV) color centers, embedded in nanometric beads or crystals, glued at
the apex of a sharpened optical fiber [13–15]. Dependent on the actual
size of the doped nano-crystal, the size of such probe can be viewed as
actually point-like, compared to the length-scale of the variations of
the optical fields. A physical interpretation of the mechanism causing
the imaging process, has been highlighting the role of the electric part
of the photonic local density of states (e-LDOS) at the emitter posi-
tion [16]. Recently, delicate experiments have addressed light emission
from rare earth doped emitters, supporting both, strong electric and
magnetic dipolar transitions[17–20].
The main objective of this article is to extend the formalism de-
scribed in reference [21] to the case of dipolar magnetic transitions
in order to analyze a large class of experimental configurations where
magnetic and electric photo-physical processes are induced by highly
confined optical fields in the vicinity of complex environments. As
previously detailed in [21], we apply a combination of the Green
Dyadic Method (GDM) with the optical Bloch equations used in atomic
physics. The GDM supplies a precise electromagnetic description of
the system, by providing maps of both e-LDOS and m-LDOS [22].
These data are then introduced into the Maxwell-Bloch equations to
obtain the population evolution of the molecular energy levels and to
deduce the atomic emission signals.
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Fig. 1. General geometry of a quantum near-field microscope in
which an europium doped nano-bead raster-scans a transparent sam-
ple supporting arbitrary photonic nanostructures. The blue arrow
represents the location R of the tip extremity, the vectors ri define
the positions of the europium atoms inside the bead, and χ(ω) labels
the local optical response function of the nanostructures.
2. GENERAL CONCEPTS
As illustrated in figure 1, in order to establish the main features of
our model, we consider a set of Nq quantum systems, located at the
positions ri from the center R of a dielectric sphere, which is attached
to a SNOM tip.
A. Local mean electric field illuminating the quantum systems
We will discuss other typical configurations later in this article, but for
the first demonstration of our approach, we consider an “apertureless”
SNOM [23–25], where the bead containing the quantum structures is
illuminated by a monochromatic external plane wave of frequency ω0,
as illustrated in figure 1. This excitation field will induce an electric
polarization in the nano-bead, which we describe by an isotropic dipolar
polarizability αbead(ω) via the Clausius–Mossotti relation applied to
a spherical volume (see Eq. (22) below). The nanostructures, which
are deposited on a dielectric substrate, are consequently illuminated
by E0(r, t), the superposition of the plane wave and the scattering of
the plane wave at the SNOM tip nano-bead. Finally, the total local
field E(R, t) which drives the emitters in the SNOM tip bead is the
superposition of fundamental field and light back-scattered from the
nanostructures. For structures of arbitrary shape and/or materials,
E(R, t) is obtained numerically. To this end, here we use the Green’s
Dyadic Method (GDM) to calculate the Fourier transform E(R,ω)
of E(R, t). The GDM is a frequency domain approach based on the
idea of a generalized propagator K(r,r′,ω) [26], which contains the
response of the nanostructure to any illumination at the frequency ω:
E(rsource,ω) =
∫
Vs
K(rsource,r′,ω) ·E0(r′,ω)dr′ (1)
where the integral runs over the volume of the nanostructure Vs, which
is also called the “source region” and rsource is a location inside the
nanostructure. Through a volume discretization of the source region,
the integral in equation (1) becomes a sum over N discrete mesh-cells,
defining a system of 3N coupled equations [1], which can be solved by
numerical inversion [27]. After solving equation (1), the field inside
the source region upon external illumination is known and can be used
to calculate the fields at any location outside the nanostructure. This
is done via re-propagation of the field inside the nanostructure using
the appropriate Green’s tensor Senv(r,r′,ω) for the chosen reference
system (here air nenv = 1 above a planar dielectric substrate of index
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Fig. 2. Diagram of the Eu3+ ion levels, used to establish the three
level quantum system for (a) ED and (b) MD transitions. Γ(0)2 rep-
resents the decay rate between 5D1 and 7F2 (7F1) states for the ED
transition (MD transition), Γ(0)3e (MD: Γ
(0)
3m ) the decay rate between
5D0 and 7F2 (MD: 7F1) and K between 5D1 and 5D0. We probe the
photons emitted by the Γ(0)3e/m transitions. The laser wavelength is
slightly detuned with respect to the excitation transition energy, to
avoid resonant driving. The 5D1 level can nevertheless be excited
due to the finite lifetime Γ(0)2 .
ns = 1.5):
E(r,ω) = E0(r,ω)
+
∫
Vs
Senv(r,r′,ω) ·χ(r′,ω)E(r′,ω)dr′ (2)
B. Near-field coupling with quantum systems
Our goal is to describe the photo-dynamics in rare-earth atoms, featur-
ing at a time electric dipole (ED) and magnetic dipole (MD) transitions
of similar strength. We will use europium as emitter element through-
out this work, but our scheme can be applied likewise to any other ED
and/or MD transition, not limited to rare-earth elements. For both ED
and MD transitions the europium photo-dynamics can be described
as a three level quantum system [28] (see Fig 2). We determine the
europium levels which play a role in the photo-dynamics process from
[29, 30] and use their relative decay rates Γi which depend on the
environment, as will be further detailed below. Hence in the following,
the level |1〉 will correspond to the europium energy level 7F2 in case
of the ED transition, and to 7F1 in case of the MD transition. In both,
the electric and the magnetic dipole case, |2〉 and |3〉 correspond to the
levels 5D1, respectively 5D0.
The below derivation follows essentially previous work [21], which
we extend here to ED and MD transitions and whose implications to
typical SNOM configurations will be analysed in detail. The dipolar
coupling Hamiltonian
W (t) = −µ̂ ·E(Ri, t) (3)
between E(Ri, t) and a single europium located at the position Ri =
R+ ri from the dielectric structure can be calculated with the GDM
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(Eq. (2)). Using the rotating waves approximation (neglecting non-
resonant terms in the interaction [31]), we then have (with k0 = ω0/c)
W (t) =∑
α
h¯Ωα (Ri,k0)
2
{
ei(ω0t+φα (Ri,k0))|1〉〈2|+C.C.
}
. (4)
The phase factors φα correspond to the phase of the frequency depen-
dent, complex electric field amplitude components Eα (Ri,ω) from
the field in Eq. (2), where α is one of x, y or z. Ωα (Ri,k0) is the
α-component of the vectorial Rabi frequency correlated to the α-
component of the absorption transition dipole µα12 (i.e. the strength of
the emitter excitation):
Ωα (Ri,k0) = −
µα12Eα (Ri,k0)
h¯
(5)
where
Eα (Ri,k0) =
∣∣∣∣∣∑β
∫
Kαβ (Ri,r′,−ω0)eik0r
′
dr′E0,β
∣∣∣∣∣ . (6)
In the latter equation, Kαβ is the αβ component of the generalized
propagator K given in Eq. (1) and summation is performed over β ∈
{x,y,z}.
We can now use the Liouville’s equation that governs the density
matrix evolution of the i-th rare earth atom [31]
ρ˙(t) =
1
ih¯
{
H0(t)+W (t), ρ(t)
}
+Rspont ρ(t). (7)
where ρ˙(t) = ∂ρ(t)/∂ t is the time derivative of the density matrix,
{. . .} is the Poisson bracket and the Redfield operatorRspont describes
the coupling with the photon-bath. In our optical problem, only the
populations of the excited levels (|2〉 and |3〉) need to be considered
(see Fig. 2). Consequently, we focus on this coupled system of four
optical Bloch equations [21]
ρ˙33(t) = Kρ22(t)−Γ3m/eρ33(t) (8a)
ρ˙22(t) = −(K +Γ2)ρ22(t)
− i
(
Ω−e−iω0tρ12(t)−Ω+eiω0tρ21(t)
)
(8b)
ρ˙12(t) = −Γ22 ρ12(t)+ iω21ρ12(t)
− iΩ+eiω0t(2ρ22(t)+ρ33(t)−1) (8c)
ρ˙21(t) = −Γ22 ρ21(t)− iω21ρ21(t)
− iΩ−e−iω0t(2ρ22(t)+ρ33(t)−1) (8d)
with
Ω± =∑
α
Ωα (Ri, k0)
2
e±iφα (Ri,k0) (9)
Now, we will use the approximation that the phase factors φα (Ri, k0)
don’t vary significantly between the three field components, hence
φα (ri, k0) = φ (ri, k0). According to this approximationΩ−= (Ω+)∗.
We also apply a change of variables to remove the phase terms e±iω0t ,
and we obtain the system
˙̂ρ33 = Kρ̂22−Γ3m/eρ̂33 (10a)
˙̂ρ22 = −(K +Γ2)ρ̂22− iΩ−ρ̂12 + iΩ+ρ̂21 (10b)
˙̂ρ12 = iδLρ̂12− Γ22 ρ̂12− iΩ
+(ρ̂22− ρ̂11) (10c)
˙̂ρ21 = −iδLρ̂21− Γ22 ρ̂21 + iΩ
−(ρ̂22− ρ̂11) (10d)
where δL = ω21−ω0 represents the detuning in frequency between
the incident field and the resonant absorption transition between the
7F levels and 5D1. K is the relaxation constant between 5D1 and 5D0,
Γ2 and Γ3m/e the two radiative decay rates.
We now place ourselves in the stationary regime where all the
temporal derivatives equal zero. After solving the system of coupled
equations, we obtain the population of level |3〉
ρ̂33 (Ri) =
1
1+(A1 +A2 (Ri)+A3 (Ri))Γ3m/e (Ri)
(11)
with
A1 =
2
K
, (12a)
A2 (Ri) =
δ 2L
Ω+ (Ri)Ω− (Ri)Γ2
+
δ 2L
Ω+ (Ri)Ω− (Ri)K
, (12b)
A3 (Ri) =
Γ2
4Ω+ (Ri)Ω− (Ri)
+
Γ22
4Ω+ (Ri)Ω− (Ri)K
. (12c)
For a single europium located at the position Ri, the fluorescence signal
emitted by this system is [21]
Im/e (Ri) = h¯ω31 ρ̂33 (Ri)Γ3m/e(Ri) . (13)
To consider the emission of all europium atoms at the apex of the
SNOM tip, we will neglect any optical coupling between the emitters.
In this case, the fluorescence signal of the entire quantum system is
simply the sum of the individual europium emitters
Im/etot =
Nq
∑
i=1
Im/e(Ri) , (14)
with Nq the number of europium atoms embedded in the dielectric nano-
bead. For a small tip ri R, the total signal can be approximated by
Im/etot ≈ Nq Im/e(R).
C. Electric and magnetic LDOS of photonic nanostructures
For the evaluation of the fluorescence signal equation (13), we need to
know the (relative) decay rates for all optical transitions involved in the
excitation / emission process (see Fig. 2). To demonstrate the general
approach to calculate these decay rates, we consider the vacuum decay
rates associated with the MD (Γ(0)3m ) and ED transition (Γ
(0)
3e ), depicted
in figure 2. These decay rates are modified in presence of a photonic
nanostructure [32–37]:
Γ3m/e(Ri) =
2
(
µm/e31
)2
h¯
Im
{
SHH/EE (Ri,Ri,ω31) : uu
}
(15)
where µm31 (µ
e
31) is the magnetic (electric) transition dipole amplitude,
ω31 is the frequency associated with the transition and u is the unit
vector along its orientation. SHH is the magnetic field susceptibility
tensor associated with the MD transition of the europium and SEE
corresponds to the electric field susceptibility tensor related to the ED
transition. Whatever the nature of the transition, the field susceptibility
can be developed as the sum of two tensors
SHH/EE (Ri,Ri,ω31) = SHH/EE0 (Ri,Ri,ω31)+S
HH/EE
p (Ri,Ri,ω31)
(16)
where the tensor SHH/EE0 (Ri,Ri,ω31) represents the response function
of vacuum (in general this can be replaced by a field susceptibility de-
scribing the environment, including the substrate, without perturbation)
and SHH/EEp (Ri,Ri,ω31) the response associated to the nanostructure.
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In case of the magnetic decay rate, replacing the SHH (Ri,Ri,ω31) term
in Eq. (15) by its developed expression (Eq. 16) leads to [35]
Γ3m(Ri) = Γ
(0)
3m +
2
(
µm31
)2
h¯
Im
{
SHHp (Ri,Ri,ω31) : uu
}
, (17)
where Γ(0)3m is the spontaneous decay rate of the isolated europium
in vacuum. In the electric case, we have a similar expression of the
decay rate [21]. Now, if the dipole is along a specific direction α ∈
{x, y, z}, we can reformulate the equation (17) by introducing the
partial, magnetic photonic LDOS nHα (Ri,ω31) [22]
nHα (Ri,ω31) =
1
2pi2ω31
Im
{
SHHpαα (Ri,Ri,ω31)
}
(18)
Finally, if we introduce Eq. (18) in Eq. (17) we obtain the partial decay
rate for an emitter with orientation along direction α
Γα3m(rm) = Γ
(0)
3m +
4pi2ω31
(
µm31
)2
h¯
nHα (Ri,ω31) . (19)
Analogously the LDOS can be calculated for an ED transition.
D. A simple analytical model
The above introduced partial LDOS and decay rates for the electric
and magnetic transitions can be obtained using a volume discretization
scheme [27, 35] for arbitrarily oriented emitters and for arbitrary illu-
mination conditions on arbitrary nanostructures. Before we analyze the
general case for several typical SNOM configurations, we first want to
assess the behavior of the signal from the europium doped SNOM tip
using a simplified, analytical model example.
As schematically depicted in Fig. 3, we consider a SNOM tip with a
single Eu3+ emitter, which is raster-scanned along a line above a very
small nano-particle placed in vacuum. The system is illuminated by a
plane wave of wavelength λ0 = 532nm at normal incidence and with
linear polarization (along OY ). We will also assume for the moment
that the SNOM tip is interacting only weakly with the plane wave, so
we neglect its optical scattering.
The orientation-averaged magnetic LDOS nH (r,ω), influencing
the MD transition, writes:
nH (r,ω) = n(0)(r,ω)+
1
2pi2ω
Im
[
Tr(SHHp (r,r,ω))
]
(20)
where the field susceptibility SHHp (r,r,ω) is defined as [35]:
SHHp (r,r,ω) = α(ω)S
HE
0 (r,0,ω) ·SEH0 (0,r,ω) . (21)
Here α is the polarizability of the observed nano-sphere, ω the angular
frequency of the illumination and Rsphere its radius [38]
α(ω) = R3sphere
ε(ω)−1
ε(ω)+ 2
. (22)
The mixed field susceptibility is [39–41]
SEH0 (r,r
′,ω) = ik0∇∧G0(r,r′,ω) = SHE0 (r′,r,ω) , (23)
where G0(r,r′,ω) is the vacuum Green’s tensor (e.g. see Refs. [32]
or [35]). Developing the tensor product in Eq. (21) while assuming an
emitter in the plane r0 = (0,y0,z0) simplifies the expression for SHHp
such that the different contributions to the magnetic LDOS in the near-
and far-field become easily discernible:
SHHp (r0,r0,ω) = α(ω)Ce
2ik0r0
{
−k
4
0
r40
− 2ik
3
0
r50
+
k20
r60
}
. (24)
magnetic
decay rate (x2)
electric
decay rate
Eu3+
Rsphere
= 10nm
x
z
y
scan direction (nm) scan height
= 30nm
dielectric
nanosphere
Γ 3 
/ 
Γ 0 
 (x
10
0)
Fig. 3. Decay rate relative to vacuum of a single electric (red,
λED = 610nm) and magnetic (blue, λMD = 590nm) dipole transi-
tion (orientation averaged), scanned at fixed height (30 nm) above the
surface of a silicon nano-sphere of radius Rsphere = 10nm placed in
vacuum. The sphere lies at the center of the coordinate system.
Where the matrix C is
C =

z20 + y
2
0 0 0
0 z20 −z0y0
0 −z0y0 y20
 . (25)
We can do the same with the orientation-averaged electric LDOS
nE (r,ω) = n(0)(r,ω)+
1
2pi2ω
Im
[
Tr(SEEp (r,r,ω))
]
. (26)
The electric-electric field susceptibility SEEp (r,r,ω) is given by
SEEp (r,r,ω) = α(ω)S
EE
0 (r,0,ω) ·SEE0 (0,r,ω) (27)
where, using the notation of [1], the vacuum field susceptibility writes
SEE0 (r,r
′,ω) =[
− k20T1(r− r′)− ik0T2(r− r′)+T3(r− r′)
]
eik0|r−r
′| (28)
with
T1(r− r′) = (r− r
′)(r− r′)− I|r− r′|2
|r− r′|3 (29)
T2(r− r′) = 3(r− r
′)(r− r′)− I|r− r′|2
|r− r′|4 (30)
T3(r− r′) = 3(r− r
′)(r− r′)− I|r− r′|2
|r− r′|5 , (31)
where I is the identity matrix. The three dyadic tensors T3, T2 and T1
describe effects from the near- to the far-field. Explicitly, this gives
SEEp (r,r,ω) =
α(ω)e2ik0r
[
k40T1 ·T1 + 2ik30T1 ·T2−2k20T1 ·T3
−2ik0T2 ·T3− k20T2 ·T2 +T3 ·T3
]
. (32)
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Fig. 4. Evolution of the simulated electric and magnetic signal for
increasing illumination intensity, calculated for a single europium
atom, raster-scanned above a plane wave illuminated silicon nano-
sphere (Rsphere = 10nm) in vacuum. The atom is raster-scanned
at fixed heigh ∆z=60nm above the top surface of the Si sphere. (a)
Near field map, (b)-(c) electric decay rate maps at λED = 527nm and
λED = 610nm and (d) magnetic decay rate map at λMD = 590nm
in the plane defined by ∆z = 60nm. (e) Electric and (f) magnetic
europium signal maps, each map is related to the population speci-
fied with the same color of the marker as used for the frame around
the map. (g) A semi-logarithmic representation of the saturation
curve of the active level ρ̂33 as a function of the laser intensity, when
the atom is centered above the sphere. The maps show areas of
1200×1200nm2.
By performing the tensor products and once more assuming a dipole
at a location in the plane r0 = (0,y0,z0), we obtain an expression in
which we can identify the different near- and far-field contributions to
the electric LDOS:
SEEp (r0,r0,ω) =
α(ω)e2ik0r0
[{
k40
r40
+
2ik30
r50
− 2k
2
0
r60
}
A+
{
1
r80
− 2ik0
r70
− k
2
0
r60
}
B
]
(33)
with
A =

z20 + y
2
0 0 0
0 z20 −y0z0
0 −y0z0 y20
 (34)
and
B =

z20 + y
2
0 0 0
0 4y20 + z
2
0 3y0z0
0 3y0z0 4z20 + y
2
0
 . (35)
.....
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|E|2
Γ3e
Γ3m
H=20nm
scan
E0k
Eu3+ Rtip
SNOM tip bead:
.....
bead size Rtip
.....
bead size Rtip
Fig. 5. Influence of the SNOM tip size (increasing radius Rtip of
Eu3+-doped bead) on the recorded SNOM signal. The SNOM tip
is doped by 20 randomly distributed Eu3+ emitters (see inset in (a)).
As illustrated in the inset in (b), the tip is scanned above a spherical
silicon particle (sphere of radius 10nm), lying on a dielectric sub-
strate (ns = 1.5) in air (nenv = 1). The scanning plane height is fixed
at H = 20nm above the surface of the silicon sphere (distance tip
bead bottom surface to Si sphere top surface). The figures show the
signal of the electric transition Γ3e under (a) non-saturated and (b)
saturated excitation and of (c) the magnetic europium transition Γ3m
under saturation for increasing SNOM-bead size. Dashed black lines
indicate (a) the near-field intensity (b) the electric decay rate Γ3e and
(c) the magnetic decay rate Γ3m at the bottom surface of the probe,
the data is re-normalized to the scale of the signal. (b-c) are plotted
on the same scale, the signal in (a) is several orders of magnitude
weaker and normalized separately. This random arrangement of the
emitters causes a slight asymmetry in the signal profiles.
Figure 3 shows the orientation-averaged electric (red) and mag-
netic (blue) decay rates above a silicon nano-sphere of 10nm radius,
raster-scanned by a single europium atom at a height of 30nm. We
observe that, while at short distances to the nano-sphere, the electric
and magnetic decay-rates have the same, positive sign. At the transi-
tion to the far-field, an inversion in the contrast between Γe and Γm
occurs [37]. This reflects the opposite signs in the r−4 and r−5 terms
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transition corresponding levels decay rate in vacuum (ms−1)
Γ(0)2
5D1→ 7F1/7F2 1000
K(0) 5D1→5 D0 10000
Γ(0)3m/e
5D0→ 7F1/7F2 1
Table 1. Decay rates of the considered transitions in our numerical
examples. The first column represents the transition, the second
gives its initial and final energy level. The vacuum decay rate is
given in the third column.
of equations (24) and (33).
3. FROM A SINGLE EUROPIUM EMITTER TO A DOPED
SNOM TIP
We now want to analyze the influence of the excitation light intensity
(i.e. the Rabi frequency Ω) on the SNOM signal. We can use the
calculated decay rates together with the self-consistent electric field
at the location of the europium atoms to obtain the population ρ̂33
of the light-emitting Eu3+ energy level 5D0 and finally the signal
Eq. (13), emitted by the europium ion. We determine these via a
volume discretization [1], implemented in our home-made python
toolkit “pyGDM” [27]. Since the rates depend on several factors like
the embedding polymer [42], we choose for the vacuum decay rates
Γ(0)3e/m of the meta-stable electric and magnetic energy levels |3〉 a
value of 1ms−1. Relative to the Γ3e/m transitions, we chose the Γ2
transition to be ×103 faster and the K transition to decay an additional
order of magnitude faster (see table 1). We emphasize that this is an
arbitrary choice of the decay rates for our numerical demonstration. In
simulations aiming at the comparison to measurements, experimentally
determined values for the decay rates of the employed probe should be
used.
A. Point-like, single europium emitter
We show in figure 4(a) the electric field intensity in a plane at a distance
∆z = 60nm above the surface of the Rsphere = 10nm silicon nano-
sphere illuminated by a plane wave under normal incidence (linear
polarization along X). The maps 4(b-d) show maps of the (orientation
averaged) decay rates Γ2, Γ3e and Γ3m.
We use these quantities to calculate after equation (13) the signal of
the europium atom at every position of the scanned area. The signal
due to the electric and due to the magnetic transition is plotted in
Fig. 4(e), respectively 4(f) for increasing intensities of the illuminating
light. The illumination intensities are indicated by colored markers
in figure 4(g), which shows the population ρ̂33 of the emitting energy
level as function of the excitation intensity. For the calculation of ρ̂33
in 4(g), the europium atom is centered on top of the silicon sphere.
We see that in the case of an illumination below saturation (purple
marker in 4(g)), both, the MD as well as the ED transition signals
correspond to the near-field intensity distribution. On the other hand,
if the energy-level |3〉 is saturated due to strong illumination intensity,
the recorded signal is proportional to the local decay rate Γ3e/m, hence
to the relative electric (using the ED transition) or magnetic (using
the MD transition) LDOS. For intermediate light intensities, the maps
undergo a transition between near-field distribution and LDOS. We
note, that almost full saturation (& 0.9 in Fig. 4(g)) is required to yield
a signal proportional to the LDOS.
B. Large probes with inhomogeneous emitter density
So far we considered a single europium emitter as SNOM probe. How-
ever, in realistic cases active SNOM probes are usually rather large,
polymer-based or other dielectric nano-particles with diameters of at
least around 100nm [13–15, 17, 19, 43]. We therefore use our method
in the following, to assess the impact of a larger detection volume,
in which emitters might be dispersed with an inhomogeneous density
distribution. To simulate such inhomogeneous emitter densities, we
randomly distribute Nq = 20 europium atoms in a spherical volume of
radius Rtip, which represents the emitter-doped bead at the SNOM tip
apex. In the inset of figure 5(a) we show a sketch of this numerical
model. We now rasterscan the assembly of 20 europium atoms on a
line at constant height defined by a fixed spacing of H = 20nm be-
tween the SNOM tip and the nano-object, as illustrated in the inset of
figure 5(b). The imaged object is again a silicon nano-sphere of radius
Rsphere = 10 nm. At each tip position we calculate the signal of the
ensemble of emitters via equation (14).
For non-saturated illumination (figure 5(a)), we found earlier that
the signal of each Eu3+ ion is proportional to the local near-field
intensity. Since we now calculate the sum of signals from different
locations, we expect to obtain some broadening if the SNOM tip
increases in size. Indeed, while for a small active volume the spatial
near-field distribution is reproduced quite accurately, the signal from
larger tip beads broadens and the intensity decreases (light green lines
in figure 5(a)). The decrease of signal is due to the fixed amount of
europium emitters in our model. To reflect constant emitter density,
this could be multiplied by a volume-scaling factor, which however is
not the main point here. More importantly, since some emitters of the
random Eu3+ distribution are now much closer to the probed object
than others, the closest near-field zone with usually strongest intensity
enhancement is probed by only a few, randomly distributed europium
atoms. The random distribution finally leads to some non-symmetric
features in the recorded signal.
In case of saturation, shown in figure 5(b-c), an increase of the
SNOM bead size leads again to a broadening of the signal, which can
be observed in case of the electric (5(b)) as well as magnetic (5(c))
transition. The ED signal is proportional to Γ3e, which we found to
strongly increase in the close proximity of a nano-structure due to the
near-field term T3 (see equation (33) and Fig. 3). In consequence, in a
large SNOM tip, few emitters in the SNOM bead which are closest to
the probed nanostructure, now contribute particularly strongly to the
full signal. The random distribution of emitters furthermore leads to an
offset in the peak intensity and to an asymmetric line-shape.
In summary, while we find that SNOM tip volumes of important
size also lead to signals that are proportional to the nearfield intensity
(under non-saturated excitation) or to the electric or magnetic LDOS
(in the saturated regime), spatial features are broadened with increasing
probe size, reducing the spatial resolution of the SNOM. Furthermore,
inhomogeneous emitter distributions in the active volume can distort
the signals and may lead to asymmetric and shifted features in the spa-
tial signal profiles. In conclusion, as active SNOM probes are usually
of relatively large size, a careful interpretation is crucial in the analysis
of according experimental data. On the other hand, using specifically
designed calibration samples, the above described distortion effects
may to some extent be taken into account in data post-processing.
C. Several typical SNOM configurations
Finally, we want to compare and analyze the expected signal in several
typical realistic SNOM configurations. In this analysis we assume
again a single point-like emitter in the SNOM bead. Of course the
above findings for large probes apply here as well. To furthermore
demonstrate the capability of our formalism to calculate signals also
Research Article 7
→k 0
Eu3+ doped
bead
(e)(c) (d) illumination through fiberscattering type SNOM total internal reflection
electric magneticelectric magnetic electric magnetic
no
n-
sa
tu
ra
te
d
sa
tu
ra
te
d
dielectric substrate
Γ2 Γ3e Γ3m
λ=527nm λ=590nm λ=610nm
|E|2
λ=532nm
(a)
s=300nm
h=80nm
(b)
H=60nm
E0
k0
E0
E0
k0
k0
max
min
x
z
y
nano-prism
Fig. 6. SNOM signal from raster-scanning a Rtip = 50nm large Eu3+ doped nano-bead above a right triangular silicon nano-prism of uniform
side lengths s = 300nm and height h = 80nm, lying on a dielectric substrate (ns = 1.5) surrounded by air. The scanning plane is parallel to the
substrate, the center of the SNOM bead being at a height H = 60nm above the nanoprism’s top surface. (a) The geometry of the nano-prism and its
dimensions. (b) scanning plane mappings of the decay rates that contribute to the SNOM image formation. (c-e) Different SNOM configurations.
Top subplots: illustration of the considered optical setup. Bottom plots: signal from the europium ED (left column) and MD (right column)
transition under non-saturated (top row) and saturated (bottom row) excitation. (c) scattering type SNOM illuminated with a p-polarized plane
wave at 45◦ angle of incidence. (d) total internal reflection SNOM, illuminated with a p-polarized plane wave from below at the critical angle
(−45◦). (e) fiber-illuminated (apertured) SNOM. Linear (x-) polarized illumination of the bead through a fiber. Incident wavelength is λ0 = 532nm.
All color-maps show areas of 1×1µm2.
for non-spherical nanostructures, we use for our demonstration a right
triangular silicon nano-prism, as depicted in figure 6(a). Thanks to
the concept of a generalized propagator [1, 26], also in case of such
arbitrarily shaped particles, the e-/m-LDOS as well as the total field
intensity at the location of the europium atom can be calculated very
efficiently at the different probe-positions [44]. The mappings of the
optical transition decay rates in the scanning plane are depicted in
Fig. 6(b). The illumination electric field intensity distributions for the
respective SNOM configurations are shown in the insets in the SNOM
schematics at the top of Figs. 6(c-d).
Figure 6(c) shows the case of a scattering-type (“apertureless”)
SNOM, which corresponds essentially to the configuration that we
considered until now. The only difference is that we here consider an il-
lumination at 45◦ oblique angle of incidence (shown: “p” polarization).
As expected, at low intensities (top panels just below the illustration
in figure 6(c)) the signal of both ED and MD transitions correspond to
the electric field intensity distribution. In the saturated scenario on the
other hand, according to the observed quantum transition we obtain a
mapping of either the electric or the magnetic LDOS.
In another typical type of SNOM, the illumination is established
via total internal reflection, in which case the sample is deposited on
a dielectric prism, whose surface is illuminated from below at critical
angle. This is schematically shown at the top of figure 6(d). If the
illumination is kept at a low intensity, again the near-field intensity
distribution is detected by the raster-scanned SNOM probe (c.f. inset
in illustration). Likewise, when the energy level |3〉 is saturated, a map
of the part of the LDOS is obtained, that corresponds to the observed
optical transition. The main difference is here, that the excitation is
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now due to an evanescent field at the substrate interface, leading to a
different near-field distribution at the sample.
Finally, we consider the case of a fiber-illuminated SNOM (fig-
ure 6(e)). Here the Eu3+ doped nano-bead is attached to an optical
fiber through which it is illuminated by a laser. We model the illumi-
nation by a plane wave at the position of the nano-bead, but which
elsewhere is zero. Only indirectly, a small portion of the laser light
reaches the sample after scattering at the SNOM tip. In the case of high
laser intensity, hence when saturating the emitters, this configuration is
again capable to detect the electric and magnetic parts of the photonic
LDOS. However, at low intensities where the other configurations are
sensitive to the local field, here the situation is more complex. As
mentioned above, the nanostructure is illuminated by the scattered
laser-light at the SNOM apex nano-bead. This corresponds to illumi-
nating the system by a (weak) dipolar source. The total field intensity
at the nano-bead location (inset in the illustration in figure 6(e)) is
now a superposition of the laser illumination arriving through the fiber,
and the comparatively very weak back-scattering by the nanostructure.
Compared to the back-scattering from the nanostructure, the contribu-
tion of the laser is strong, hence the field variations due to scattering at
the nanostructure are very weak. In consequence, other contributions
to the population density of the emitting energy level Eq. (11) may
become visible. Indeed, here we obtain a mapping which resembles the
LDOS at the wavelength of the excitation transition Γ2. In our model
the transition |1〉 → |2〉 is of electric dipolar nature in both the ED and
the MD emission case. Hence, the low-intensity signal is identical for
the electric and the magnetic transition. We note that this behavior is
dependent on the relative decay rates in the 3-level quantum system.
For instance, in an emitter system with much higher decay rate Γ2, the
signal under non-saturated excitation corresponds again to the elec-
tric field intensity distribution, rather than to Γ2. When interpreting
experimental data of such a SNOM system it is therefore important
to carefully choose the relative decay rates of the employed quantum
system.
We finally note that the signal here is entirely shaped by the near-
field interaction and photo-dynamics in the electronic 3-level system
of the europium. While in SNOM configurations with passive probe, a
large solid angle of detection is required to get access to the photonic
LDOS [9], this limitation does not affect active SNOM probes, which
facilitates the implementation of the detection scheme in according
experiments.
4. CONCLUSIONS
In conclusion, we presented a quantum theory able to fully describe
the optical interactions and photo-dynamics in scanning optical near-
field microscopy using rare-earth ions as active quantum probes. Such
SNOM configuration allows to probe separately the electric and the
magnetic parts of the photonic LDOS. Our approach allows not only
to theoretically model the SNOM image formation associated to these
two parts of the LDOS. The theory is furthermore capable to fully
describe the transition from the non-saturated to the saturated excitation
regime. We find that while low excitation intensity generally results in
SNOM signals proportional to the electric near-field intensity, saturated
emitters yield a signal corresponding to the electric or magnetic LDOS,
depending on the detected quantum transition (ED or MD). Together
with a numerical discretization scheme our method can be applied
to nanostructures of arbitrary shape and material and a substrate can
be included without any effort. Moreover we demonstrated that the
method can be easily adapted to various SNOM configurations. We
foresee that using experimental constants for the energy levels and
decay rates of the concerned quantum transitions, our theory will be
very useful to interpret active-probe SNOM images and to estimate
in which regime (saturation or not) the SNOM data is recorded. Our
model can be directly adapted to the case of resonant driving of a
magnetic transition at the excitation using focused vector beams [45],
in which case an active SNOM probe might be rendered sensitive also
to the intensity distribution of the optical magnetic field. Finally, the
approach is not limited to rare-earth elements and can be applied to
other types of quantum emitter systems.
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